We evaluate the action of Hecke operators on Siegel Eisenstein series of degree 2, square-free level N and arbitrary character χ , without using knowledge of their Fourier coefficients. From this we construct a basis of simultaneous eigenforms for the full Hecke algebra, and we compute their eigenvalues. As well, we obtain Hecke relations among the Eisenstein series. Using these Hecke relations, we discuss how to generate the Fourier series of Eisenstein series in a basis from the Fourier series of one basis element.
to this, but rather give a sampling. For level 1, see [8, 9] for degree 2; [5] for degree 3; [1, 2, 6, 7] for arbitrary degree. For degree 2, level N and primitive character modulo N , Fourier coefficients for 1 of the Eisenstein series E (N , 1, 1) have been computed in [10] when N is odd and square-free, and in [11] for arbitrary N .
In this work, without using any knowledge of Fourier coefficients, we evaluate the action of Hecke operators on the natural basis {E ρ } for the space of degree 2 Siegel Eisenstein series of squarefree level N and arbitrary character χ (Propositions 3.3-3.10); here ρ = (N 0 , N 1 , N 2 ) varies so that N 0 N 1 N 2 = N and χ 2 N 1 = 1. This evaluation reveals Hecke relations among these Eisenstein series in the case that χ 2 is not primitive. Using these relations, we construct another basis { E ρ } consisting of eigenforms for the full Hecke algebra (which is generated by {T (p) 1, 1) by applying particular elements of the Hecke algebra; in particular, when χ = 1, we can generate a basis from E (N ,1,1) (Theorem 3.12). In the remark following this theorem, we briefly discuss how we can use [4] and the Fourier coefficients of the degree 2, level 1 Eisenstein series E to generate the Fourier coefficients of all the degree 2, level N Eisenstein series in the case that N is square-free and the character χ = 1.
Preliminaries
Here we set notation and define degree 2 Siegel Eisenstein series and Hecke operators. We begin by fixing square-free N ∈ Z + . With Sp 2 (Z) the group of 4 × 4 integral symplectic matrices, we set Γ ∞ = * * 0 * ∈ Sp 2 (Z) , for some G ∈ GL 2 (Z). Thus these cosets can be parameterised by GL 2 (Z)-equivalence classes of coprime symmetric pairs; so E γ 0 is supported on a set of GL 2 
and γ varies over a set of coset representatives for
Somewhat similarly,
, and γ varies over a set of coset representatives for
In Propositions 2.1 and 3.1 of [4] we computed an explicit set of upper triangular block matrices giving the action of the Hecke operators, and we will use these here in evaluating the action of Hecke operators on Eisenstein series. (Note that in [4] we did not introduce the normalisation of
until we averaged the Hecke operators to produce an alternative basis for the Hecke algebra.)
Given Q ∈ Z 2,2 sym and F = Z/pZ, p prime, we can think of Q as a quadratic form on , all 3 lines in V are isotropic.
Action of Hecke operators on Eisenstein series of square-free level
Throughout this section, we assume k ∈ Z + with k 4, and that N is square-free. We first show that we can parameterise the Γ 0 (N ) cusps by multiplicative partitions ρ = (N 0 , N 1 , N 2 ) where
Thus it suffices to show that for a coprime symmetric pair
So there is some
is a coprime symmetric pair so that for each prime q|N , we have rank q M = rank q M ρ . We want to show that for some E ∈ GL 2 (Z) and
, which is well-defined with inverse map
where m is a unit modulo N 2 , and
; then by symmetry,
, and since M, N are coprime, n 4 is a unit modulo N 1 . Now choose
Hence with the previous paragraph, we have that 
so we can identify the cusp with
We use E ρ to denote E γ ρ . To ease the discussions during our computations we consider 2E ρ to be supported on a set of representatives for the 
. Thus modulo q we have 
we have
; set χ (1,q,1) 
and since 
where (M N) varies over a set of SL 2 (Z)-equivalence class representatives for pairs of N -type ρ,
with y varying modulo p, and 
So the contribution from these terms is χ N 0 (p 
So the contribution from these terms is χ
Case II. r = 1. Here we take
, and the equivalence class
We can assume p divides row 2 of M ; to have M integral, we need to choose the unique G so that 
Still assuming = 1, suppose rank p M = 0. Then to have N integral, for each E we must choose the unique G so that q|n 1 where
. Thus p n 2 n 3 , and hence rank p N = 2 for all choices of y. So the contribution from these terms is
. Say p divides row 2 of E M (this is the case for q choices of E); then we need to choose the unique G so that p|m 2 . Then p m 1 , and by symmetry, p|n 3 . But then p divides row 2 of both M and N, so (M, N) = 1. So take the unique E so that p does not divide row 2 of E M ; thus, by our choice of representatives in G 1 , we have p dividing row 1 of E M . To have N integral, we need to choose the unique G so that p|n 1 . Then p n 2 , and by symmetry, p|m 4 
Reversing, 
. This gives us p − 1 choices for y, and the contri-
sym varies modulo p, and = rank p M and we assume p divides the lower 2 − rows of M.
where E varies over G 1 . Say rank p M = 2; write 
Reversing, we have 
, and let E 0 , E 1 , E 2 be defined as in the proof of Proposition 3.3. Decompose 
Using the techniques used in the proof of Proposition 3.2, we find that in the case rank p M = 2 the contribution is N) . Reversing, take a coprime pair (M N ). Then arguing as above, we find that when rank p M = 2,
and in the case rank
Case II. r 1 = 1. Here the summands are
where (M N) varies over pairs of N -type ρ, y varies modulo p with p y, G varies over
Reversing, when (M N ) is p 2 -type 1, 2, we can assume p divides row 2 of M ; we find there are unique choices for G, Y so that N is integral, and then we get (M, N) = 1. Thus the contribution from these terms is χ N 0 (p 
Reversing, we need to count the equivalence classes SL 2 (Z)(M N) so that
Thus we need to count the integral, coprime pairs
Say rank p M = 2. To have N integral, choose the unique G so that p|m 1 (and hence p m 2 m 3 ).
Then for any choice of y, (M, N) = 1. So the contribution from these terms is χ N 2 (p 
Case III. r 2 = 1. Here the summands are 
Now suppose M is p 2 -type 0, 0. Then for each E ∈ G 1 , there is a unique G ∈ t G 1 so that p|n 2 (and hence p n 1 n 4 ). Thus rank p N = 1 so (M, N) = 1, and the contribution from these terms is ; then using symmetry, we see p divides row 2 of N, so we must 
First suppose rank p M = 2. For each E, choose the unique G so that p|m 1 
Proof. From Proposition 3.1 of [4] , we know that
where (M N) varies over a set of SL 2 (Z)-equivalence class representatives for pairs of Ntype ρ, and Y varies over all symmetric matrices modulo q; recall that we can choose
Proof. Recall that we must have χ 
First suppose rank q M = 2. To have N integral, we need to choose Y so that (n 1 n 2 ) ≡ (m 1 m 2 )Y (q); then to have (M, N) = 1, we need (n 3 n 4 ) ≡ (m 3 m 4 )Y (q) 
So the contribution from these terms is
Now suppose rank q M = 1; assume q divides row 2 of M . To have rank q M = 1, we cannot have q dividing row 1 of E M ; this leaves us q choices for E, and with these choices we have q dividing row
So the contribution from these terms is χ N 0 N 2 (q)q
Proposition 3.7. For q a prime dividing N 0 , set
. We need to choose Y so that rank q N = 2. Then we sum 
• det is a character on GL 2 (F), and it is the trivial character if and only if χ
So the contribution from these terms when q is odd is
0 o t h e r w i s e .
Thus the contribution from these terms is
Finally, suppose rank q M = 0. Then 
and we know χ
Reversing, choose (M N ) of N -type ρ, and set
. For each choice of E, we need to choose the unique G so that q|m 4 to ensure M is integral.
Thus q m 2 m 3 . Choose y 2 so that n 4 ≡ m 3 y 2 (q); then choose y q so that n 3 ≡ m 3 y 1 + m 4 y 2 (q 2 ). By symmetry, m 1 n 3 + m 2 n 4 ≡ m 3 n 1 (q). Thus
We know q M and q| det M , so rank q M = 1. Also,
. 
Note that rank q M 1. So
To have rank q M = 1, we need to choose E, G so that q m 2 , and to have N integral with (M, N) = 1, we need to choose Y so that
First suppose rank q M = 2. To have rank q M = 1, for each E we need to choose G so that q m 2 (for each E, this gives us q choices for G). If q m 3 then we choose y 1 freely; if q|m 3 then q m 1 m 4 , so we can choose y 2 freely (subject to n 3 ≡ m 4 y 2 (q)). In either case, we get
So the contribution from these terms is χ N 2 (q 
Since rank q N q 1 = 1, we must have rank q M = 1. Also,
; we can assume that q|(m 3 m 4 ). 
So, letting y 2 vary modulo q, we see the contribution from these terms is 
, and set
. Say rank q M = 2. To have q|M, for each E we need to choose the unique G so that q|m 2 ; thus q m 1 m 4 . To have N integral, choose u so that n 1 ≡ m 1 u (q); set y 1 = u + qu , u varying modulo q.
. Thus summing over Y where
o t h e r w i s e . 
Finally, say rank q M = 0. So to have N integral, for each E we need to choose the unique G so that q|n 1 . Then q n 2 n 3 , and for each choice of Y we have N integral with det N ≡ det N (q). Hence the contribution from these terms is χ N 2 (q
With these results, we now construct a basis of simultaneous Hecke eigenforms. There is a basis Extend these functions multiplicatively, and set
Since Propositions 3.5, 3.6, 3.8 and 3.9 show that E ρ is an eigenform for T (q) and T 1 (q 2 ), with eigenvalues as claimed. For q|N 0 , using Propositions 3.5 through 3.10 and a similar rearrangement of the sum defining E ρ , we find E ρ is an eigenform for T (q) and T 1 (q 2 ), with eigenvalues as claimed. 2
Note that for q a prime dividing N with χ 2 q = 1, Propositions 3.6, 3.7, 3.9 and 3.10 give us Hecke relations among Eisenstein series. In particular, when cond χ 2 < N we can generate some of the Eisenstein series from E (N ,1,1) . To see this, let q be a prime dividing N so that χ Extending these maps multiplicatively, we have the following. where Ω P denotes the lattice Ω whose quadratic form has been scaled by P . (Note that an orientation on Λ induces an orientation on Ω ⊂ Λ.) (2) With E the degree 2 Eisenstein series of level 1, we have
Thus formulas for the Fourier coefficients of E together with our Hecke relations can be used to generate Fourier coefficients of all degree 2, square-free level N Eisenstein series with trivial character.
